Hypothesis testing

Hypothesis testing, introduced by Fisher, Neyman, and by Karl Pearson and his son Egon, is
a method of statistical inference, used in making statistical decisions based on experimental

data. It is basically an assumption made about the population parameter.

The usual process of hypothesis testing consists of the following steps:

1.

2.

formulate the so-called null hypothesis H, and the alternative hypothesis H;
identify a test statistic T, that can be used to assess the truth of the null hypothesis.

infer the distribution of the test statistic under the null hypothesis from the assumptions
(e.g., the test statistic might follow a Student’s t or a normal distribution).

select a significance level (a), a probability threshold below which the null hypothesis will
be rejected. Common values are 5% and 1%, leading to respective critical values of T.

. compute the observed value (realization) t of the statistic T from the observations and

compare it with the critical value of T.

Hypothesis tests based on statistical significance are another way of expressing confidence
intervals. In other words, every hypothesis test based on significance can be obtained via a
confidence interval, and every confidence interval can be obtained via a hypothesis test

based on significance.



The type of hypothesis testing depends on the
formulation of the alternative hypothesis.

For tests related to mean

(comparison

between a mean and a known value or
between two means) H, ad H, are formulated

as follows:

One-Tail Test Two-Tail Test
(left tail)

One-Tail Test
(right tail)

Hn -U=u, Hn - U= U,

I < H, :u=u,

Hn U= U,

H, u>u,

Hy =4, Hpp=p,
Hiw <y, Hipg#w

Hy: py=p,
H:p >,

In the case of a two tailed test two critical

values are defined.

One Tail Test

Rejection
Region

Rejection
Region

Two Tailed Test

Rejection
Region




Hypothesis testing for normally distributed populations: comparison between a
sampling mean and a known value

hypotheses statistic and rejection criteria
type of test for null hypothesis
1: normal distribution  H_: =, T=(X- o)/ (6/~/n)~ N(0,1)
o2 known Hy: B> one tail t>2(1.q)
Hy:u<py one tail t<-7(1-9)
Hy:p#1 two tails t| > Z(1-a/2)
2: normal distribution Hp: pn=uo T=(X- o)/ (s/~/n) ~N(0,1)
o2 unknown, n > 30 Hyi: B>y one tail t>2(1.)
Hytu<py one tail t<-Z(1q
'VH12 L# U two tails ]t‘ 2 Z(1-a/2)
3: normal distribution H,: H=Lo T=(X-Ho)/ (S/\/;) ~ T
o2 unknown, n < 30 Hy: B> one tail t>t 010
Hy: p<pyg one tail t<-T,1010
Hp: p# Ly two tails lt 2 11, (1-0/2)




Hypothesis testing for normally distributed populations: comparison between two means

rejection criteria

statistic
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hypotheses
1: normal distributions Ho: i~ =0
0,2 and o,2known Hy: M- >0
Hy: li- <0
H1: Hi - # 0
2: normal distributions ~ Hg: M1~ H2=0
6,2 and 6,2unknown Hy: M- H2>0
n, and n, > 30 Hp: Bi-1<0
Hy: M- 1p#0
3: normal distributions ~ Hg: M1~ =0
0,2 and 0,2 unknown Hp: Hi-H>0
but equal Hy: M- <0
n, and/or n, > 30 Hy: -7 0
4: normal distributions  Hg: M1~ Hp=0
6,2 and 6,2 unknown Hp: Mi-H>0
but different Hy: Mi-1,<0
n, and/or n, > 30 Hp: Mi-#0
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Hypothesis testing: type | and type Il errors, power of the test

In statistical hypothesis testing a type |
error is the rejection of a true null
hypothesis (also known as a '"false
positive" finding or conclusion), while
a type Il error is the acceptance of a
false null hypothesis (also known as a
"false negative" finding or conclusion).

The probability of type | error
corresponds to the significance level o;
the probability of the type Il error is
denoted by the Greek letter B and is
related to the power of a test, i.e., to the
probability of accepting a true H,
hypothesis, which equals 1-f.

The representations related to a one tail
and to a two tails test are shown in the
picture on the right.
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As shown in the table, in the context of

analytical chemistry the power of the Reality
test represents its ability to recognize Pasitive Negative
correctly a positivity, i.e., to state the

6D 2 True Positive False Positive
presence of an analyte, when the = £ (Power) Type I Error

i i = & (1-B) (a)

analyte is actually present in a sample. =

i
This ability is very important, since a Z 2 False Negative
positivity could lead, for example, to gl & WFE{'{:]E""“" True Negative

=

discard an entire lot of product.

The relationship between o and B can
be visualized under different conditions.

e————————

If the critical value, e.g., based on a
standardized normal distribution (Zx1),

is changed, in accordance with the
adopted Type | error probability (o), the
Type Il error probability () increases at
the decrease of a, for a specific value

referred to the H, hypothesis:




As shown in the figure on the right, once o
is fixed (for example, 0.05) B is decreased if
the value referred to the H; hypothesis is
increased.

If values related to H, and H; hypotheses
and a are fixed, B will be decreased if the
variance related to the statistic under test is
decreased:

e o e e 1 e

>
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Hypothesis testing for normally distributed populations: comparison between a
variance and a known value

Hypotheses

statistic
type of test

rejection criteria
for null hypothesis

Hotc
Hi:o
H,: 0" < 0qg
H,:0"#0q

p Go
> 0'0

N N NN
N N NN

T= (n-1)s%/ cg"' %21
one tail

one tail

two tails

t> xzn—l (1-a)

t< X% 1)
tSXZn-l (@/2) or
t>%%0 1 (1-a/2)

Hypothesis testing for normally distributed populations: comparison between

two variances

Hypotheses

statistic

type of test

rejection criteria
for null hypothesis

o 2 2
H,: 0, <0,

D2 2

T=s2 [s2 ~F

one tail
one tail
two tails

Vnum>V den

t= l:"num’ Vden (1-a)

t=F num°V den (1-a)
t=> F" num- "V den (1-0/2)

2 2 2 2
Note that s, and s%,,, are chosen so that s*_ . > sS4,



Statistic equivalence testing

The challenge of assessing the comparability of different groups (or treatments or methods)
is an issue facing many researchers and evaluators. Actually, the question of interest is often
not whether two (or more) groups (or treatments or methods) are different from one
another, but, rather, whether the groups (or treatments or methods) can be considered
“practically the same” (i.e., equivalent).

Equivalence testing should assess whether mean differences between two groups are small
enough that the groups can be considered equivalent (the differences found are considered
practically unimportant).

The problem with using hypothesis testing methods is that a statistically non-significant
value (failure to find a group difference — i.e., acceptance of H,) is used to imply that the
groups are comparable. However, a statistically non-significant finding only indicates that
there is not enough evidence to support that two (or more) groups are statistically different.

It is possible that the two groups are effectively comparable, but it is also possible that:

v’ the study did not have enough power to detect a statistical difference
v’ there was high variability in the sample
v’ the study was poorly designed.



Approaches to equivalence testing

Equivalence testing is recommended as a possible alternative to demonstrating
comparability through the examination of whether mean differences between two groups
are small enough that these differences can be considered practically unimportant and,
thus, the groups can be treated as equivalent.

There are three general categories of equivalence tests:
1) the two one-sided t-tests (TOST) - procedure
2) the non-equivalence null hypothesis approach

3) Bayesian methods

The TOST procedure is the most popular, thanks to the ease of use and interpretation, and
will be thus described in detail in the following slides.



Two one-sided t-test (TOST) for equivalence testing

Designed specifically for bioequivalence testing of pharmaceutical products, i.e., to assess
the expected in vivo biological equivalence of two proprietary preparations of a drug, TOST
has recently been expanded into broader applications in pharmaceutical science, process
engineering, psychology, medicine, chemistry, and environmental science.

The most important step in conducting equivalence testing is to give an operative definition
of equivalence prior to statistical testing, e.g., by defining an acceptance criterion.

Briefly stated, this approach calculates a confidence interval around the mean difference
between two groups. If this confidence interval is located within a specified range (the
equivalence interval) then the groups are considered equivalent.



TOST is based on a null hypothesis stating that the two mean values are not equivalent, then
tries to demonstrate that they are equivalent within a practical, preset limit.

This is conceptually opposite to the two-sample t-test procedure, included in hypothesis
testing:

Two-sample t-test Equivalence test
Hy:3~-5,=0 Hy: =570
H:y-y,#0 Hy:y-y,=0

Hy:y, =Y, Hy:y #Y,

H:y #y, H :y =Y,



The acceptance criterion 0 is the limit beyond which the difference in mean values should
be considered practically and statistically significant, thus 0 is used to construct the
equivalence interval [-0, 0O].

The two hypotheses can thus be written as:

lHoi‘J_/l—)_/Z‘ZO' versus Hl:b_/l_yz‘<e

not equivalent equivalent

The absolute values in the original equivalence test hypotheses are broken up into two
separate tests:

Hy iy =y, <9 or Hy 3=y, 20
tested against the tested against the
alternative hypothesis alternative hypothesis
H, :y,—y,>-0 Hy:y =y, <9

The two groups means are declared equivalent if, and only if, both H,; and H,, are rejected,
in favor of hypotheses H;; and H,,.
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When samples to which compared means are referred are extracted from gaussian
populations having equal variances and their sizes are lower than 30 (like in case 3 of
hypothesis tests for mean differences), the test statistics and the criteria for H;; and H,,
acceptance are:

]’1:(-)_/1_-);2) 9>tl—an+n -2 ]-'2:()_}1 yZ) g<_tl—an+n -2
S 1+1 [ 2 S i+i [ 2
“\n, n, “\n,  m,

where n, and n, are the sizes of the two samples, s is the weighed standard deviation and
. is the 100 x (1-a)-th percentile of the t dlstrlbutlon with (n,+n,-2) degrees of freedom.

cr|



It is worth noting that Hy, and H,, hypotheses
cannot be both true, therefore Type | error
rate will be determined by the critical region
of only one of the curves representing H,, and
Hp,:

If the standard deviation of the test statistic is
too large and/or the width of the equivalence
interval is too small, the two critical regions
will overlap to a significant degree, thereby
producing a conservative test.

A statistical test is conservative if, when
constructed for a given nominal significance
level, the true probability of incorrectly
rejecting the null hypothesis is never greater
than the nominal level.

D

Rejection of
H01 null
hypothesis

=05 =05

-0 0 +0
H01 HOZ
o
-0 0 +0




Relationship between a confidence interval and a TOST

The graphical representation of a TOST with a [100 x (1-a)]% confidence level can be
compared with that of a [100 x (1-2a)]% confidence interval centered on the value
assumed by the test statistic TS, i.e., by the difference between the two sampling means
under comparison.

For the sake of simplicity, let us consider the case in which a gaussian distribution with
standard deviation SE can be used. Moreover, the value assumed by the TS will be
reasonably different from O.

For 2o = 0.10, 1-a = 0.95
and then z, ,, = 1.65, thus
1.65 x SE is the half width
of the 90% confidence
interval, i.e., the distance
between TS and the lower
(LL) or the upper (UL) limits
of the interval.

That value is also the
distance between the

hypothesized null value of Z(1.0p3F S ZawSES
the mean difference, 0 or - “ > +
0, and the beginning of the LL UL

critical region: 15




Different situations can be
found:

1) TS s in the critical region
for Hy, thus Hy, is
rejected:

H,, rejected

In this case the UL of
the confidence interval
is lower than 0.

critical region

2) TS is not in the critical
region for Hg,,, thus Hg,
is not rejected:

In this case the UL of fail to reject H,
the confidence interval

is higher than 0. critical region




The same consideration
applies for the lover limit
(LL) of the confidence
interval when H,, is tested:

A more direct assessment
can thus be carried out by
an inspection based on the
entire  90% confidence
interval on the difference
between means (TS):

H,, rejected

critical regions

f——
IL TS UL

critical regions




If concepts are summarized, it can be said that:

two one-sided tests (TOST) to establish significance at an a level can be conveniently
performed also using a 100 x (1-2a)% confidence interval centered on the test statistic (TS).

Indeed, if such an interval is completely contained within the [-0, 0] interval, the mean values
of the two data sets are declared equivalent.

Note that the interval has to be calculated using the Student’s t distribution, if cases 3 or 4
apply:

_ _ 1 1
Case 3) (yl _ yZ) i tl—a,n1+n2—2 SZ% <_ + _)
\ n; np

where sz is the variance obtained by a weighted average of the two sampling variances.

2 2

i} i} S1 | 52

Case 4) 1 —YV2) Etiqv [—+—
' \ ng ny

where v is obtained from the equation defined for the Fisher-Behrens problem.



Significance vs equivalence test

The conclusions for each scenario with a t-test and TOST, respectively, would be:

(a) E (—E—l—) i equal and equivalent
(b) = -

: : : equal but not equivalent,
© (——+—H)
(d) E E ——) E not equal but equivalent,
(e) : : (—|-:—) not equal and not equivalent.
= : —D

V102

Consequently:
v’ acceptance of null hypothesis in a t-test does not necessarily imply equivalence
v" rejection of null hypothesis in a t-test does not necessarily imply non equivalence.



Two-sample t-test (or significance test) point of view

The width of the interval, which depends on the measurement precision, represents the
range of plausible true differences in mean values of the two data sets.

If these intervals were created with the traditional two-sample t-test, in cases a, b and c
the analyst would conclude that there is no difference between the mean values,
because the confidence interval includes a difference of O.

The confidence intervals in cases d and e do not include 0; therefore, the mean values
would be declared different.

TOST - Two one-sided t-test (or equivalence test) point of view

If confidence intervals were created with TOST, the mean values of the two data sets
would be declared equivalent only in cases a and d, because those confidence intervals
would be completely contained in the [- 0, 0] interval.

The mean values in case d would be declared equivalent even though the confidence
interval does not include O, because the bias represented by the difference in means is
small and within the interval [- 6, 0].

The confidence intervals in cases b and c are too wide for the mean values of the data
sets to be declared equivalent.



Choice of an appropriate 0 value for TOST

Choosing an appropriate value for 0 in a TOST can be a challenge.
The following step-by-step process can be followed:

1) Choosing a value for the absolute value of the true difference, &

The first parameter that must be specified before an analyst performs equivalence
testing is 0, the absolute value of the true difference between the groups’ mean values;
0 is a hypothetical value, such that if the absolute value of the observed difference is not
greater than 0 there is a strong probability of concluding that the two data sets
represent equivalent results.

The most conservative approach implies setting 6 = 0.

2) Determining the n value needed for the test
The required value of n for TOST is related to 0 and to other parameters, like Type | and
Type Il errors, i.e., a and B3, respectively, the true difference 6 and the upper confidence

limit of method precision, s*.

Tables relating n and O values for various combinations of the other parameters are
available.



Table 1. 0 for various n and upper limit of method
precision s*.

(a=p =0.0523=0)

s* Oforn="5 0 forn=10 0 for n=12 0 forn=30
05 13 09 0.8 0.5

1.0 2.6 1.7 15 0.9

15 40 26 2.3 1.4

2.0 5.3 34 3.1 1.9

25 6.6 43 39 2.4

3.0 179 5.1 46 2.8

As expected, once s* is fixed, the decrease of n leads to an increase in 0, thus making it
easier to prove equivalence, or, in other terms, making the proof of non-equivalence more
difficult. This is typical of statistical testing.

On the other hand, once n is fixed, the increase in s* determines an increase in 0. This
effect is due to the fact that if the precision is low, small differences between the two
means under comparison may be not significant.



3) Finding an estimate for s*

Once the sample size n is chosen, an estimate of the precision of a measurement,
expressed as standard deviation s, is made through replicated analyses, usually
performed by a single analyst or a single laboratory.

Although this approach can lead to underestimate precision, it is a pragmatic
compromise between appropriate statistical application and real-world constraints on
resources.

To ensure a better representation of the true measurement precision, it is
recommended that an upper confidence limit (e.g., the upper limit from a one-sided
80% confidence interval), indicated as s*, be used as an estimate of measurement
precision.

It can be demonstrated that the upper 100(1-y)% confidence limit s* for s can be
calculated as:

it

-1

where Xz(% ».1) Fepresents the (100 v)t percentile of a y? distribution with n-1 degrees of
freedom.



Indeed, let us consider that, for a random variable distributed according to a Gaussian
distribution with variance o?, the following relationship is true:

2/~2 2
(n-1)s?/c? ~ %%.4 o
2
X y/2,n1
It thus follows that, for a two-sided confidence
. . . P 2
interval with a significance level y: °
T{-— V=3

2 < 1Ve2/~2 < w2 « 0.1F N

X v/2,n-1 — (n 1)5 /G . 1-y/2,n-1 \\‘\ le-y/Z,n-l
| \r\

consequently: R . -

c? Xzy/z, n1 S (n-1)s*< o2 y? 14/2, n-1
and thus:
s (n-1)2 / [X21-y/z, Y2 <5< s(n-1)Y2/ [Xzy/z, v

The upper limit for a one-sided confidence interval with a significance level v, i.e., a
confidence level 1-y, is thus given by:

s (n-1)2 / [xzy' e



4) Refining the 6 value by considering also Type Il error ()

In previous graphical representations of the equivalence test the distribution related to
the H, hypothesis
H, :‘)_/1 _J_’z‘ <6

was not reported for simplicity and only type | error (o) was evidenced.

The following representation is required to show both types of error, including [3:

;|

1'0 t(z-ﬂ/z;( (o 7790
0=0




Since equal variances are related to the three distributions shown in the figure, the
population standard deviation, o, can be estimated using the expression (case 3):

The following general expression can be thus obtained for O:

1 1
__|__

0=5+t, ,
(a-p/
Hl HI _

2), nq+ia-2 T r{l—af}; H1+H2—2] Sp

This equation can be slightly modified when n, = n, = n > 30, since the Student’s t
distribution values can be replaced by those obtained from the Gaussian distribution;
moreover, s* can be used instead of s, thus the expression for 6 becomes:

2



Interestingly, an equation providing a value for n, once s* is known, can be obtained
starting from the last equation:

G=0+s" [:(1—ﬁ.-'z) + Zia ]\/%

(‘9 — Cﬂ* =5 [2(1—,{3;3) + Z(l—a)]

<

25™ [Zu—ﬁfz) T Z(l—a)]
(0-5)

22
n

-
o

H =




Example of sample size calculation

Two inhalers used for the relief of asthma attacks have to be assessed for equivalence.
They will be considered equivalent if the 95% two-sided confidence interval for the
treatment difference, based on morning peak expiratory rate (L/min), falls entirely
within the interval £15 L/min.

Under these conditions, 6 - & = 15 (considering 6 = 0, as usual) and o = (1-0.95)/2 =
0.025.

From a previous trial s*? was estimated to be equal to 1600 (L/min)2.

Supposing that a power of 0.8 has to be obtained, thus (1-3) = 0.8 and then 3/2 = 0.1,
the following calculations can be made:

Z(1-9) = 2(1-0.025) = Zo.975 = 1.96
2(1-/2) = Zo.90 = 1.28

The size of each group of patients for the evaluation of the two inhalers should be:

12 2
2s [Z(l—ﬁf2)+ztl—a)] _ 2x1600

n= = [1.96 + 1.28]2 = 149.3 = 149
((9—5)2 152




Comparison between t-test and equivalence test: an example

In Table 2 data obtained by a method
development laboratory and by a
manufacturing quality control (QC)
laboratory for a dissolution test performed
on 12 drug tablets, expressed as
percentage of content indicated on the
drug label, are reported:

Starting from a 0.05 value for oo and 3, a O
value for 3, n = 12, and an s value of 1.9%,
which is then transformed into s*, 0O is
calculated to be equal to 3.7%.

Since the difference between the two
means is: 89.3 - 87.7 = 1.6%, and the 90%
confidence interval goes from 0.5 to 2.7%,
the null hypothesis, stating that they are
not equivalent, is rejected, thus the two
laboratory  methods are  declared
equivalent.

Table 2. Statistical significance vs practical
relevance in the transfer of a dissolution

method.

(6 calculated on the basis of the development laboratory s of 1.9%, with

a=p=0050o=0 n=12)

% Label strength dissolved

Tablet number Development labh Manufacturing QC lab
1 90.8 86.2
2 88.0 87.4
3 90.5 88.2
4 90.0 89.7
5 91.0 87.3
6 86.0 87.6
7 88.3 88.0
8 89.3 86.5
9 88.9 89.6
10 91.1 89.1
1 86.2 86.1
12 913 86.2
y 89.3 81.7
s 19 13
% RSD 2.1 15

TOST: 90% confidence interval
for difference (6 = 3.7%)

(0.5, 2.7)

Two-sample t-test p-value

0.02




As shown in the graph on the right, | TOST : equivalent
the 90% confidence interval clearly

does not include 0, thus the classical
two-sample t-test indicates that a
significant difference exist between
the two methods.

two-sample t-test : not equal

Notably, this outcome is indicated by
the p value, 0.02, reported in the
previous table. In fact, the p-value is
the probability of observing a T value

A

O T | —— - — - — —

RN
(S}

i

~

-3.7

more extreme than the one that
would be observed if the means
were not statistically significant.
Consequently, if p is lower than the
significance level, a significant
difference between the means is
inferred.

The example highlights a key advantage of TOST over a two- sample t-test for showing
equivalence: TOST allows small, scientifically irrelevant differences to exist without leading
to the conclusion that the laboratory means are not equivalent.



Consequences of poor precision

Table 3 is an example of a tablet
dissolution method that was
transferred from a development
laboratory to a contract laboratory
during the early stages of product
development.

In this study, n = 6 for each laboratory
because of limited sample availability.

With an initial s* estimate of 1.5%,
arising from previous analyses, 0 was
calculated as 3.5%, which would
generally be considered acceptable for
a method of this type.

However, the actual s from each
laboratory was much larger than the
initial estimate of 1.5%. This was
determined to be the result of poor
sample homogeneity caused by
degradation during storage.

Difference between y values @

Table 3. Comparison of the effect of poor
precision on the outcome of TOST vs a two-

sample t-test.
(6 calculated on the basis of the development laboratory s* from previ-
ous experiments of 1.5%, with « = 3 =0.05,5=0, n=6)

% Label strength dissolved

Tablet number Development lab Contract lab

1 82 14

2 92 10

3 18 84

4 85 16

b 11 90

6 19 11

V 82 (82.2) 79 (78.5)

: ) J—
6.9 92

TOST: 90% confidence interval
for difference (6 = 3.5%) (-3.1,105)

Two-sample t-test p-value 0.35




When data are compared
by an equivalence test
with 0 = 3.5%, there is
not enough evidence to
declare the laboratories’
methods equivalent.

TOST : not equivalent
two-sample t-test : equal

?.7 =105

< : —>

- 35 0 3.5 | %

Conversely, if the laboratory mean values are compared with a two-sample t-test, the
resulting confidence interval includes 0, thus data do not provide enough evidence to
conclude that the laboratories” methods are different (the p-value of 0.35 is another way to
express the same result).

In this case, the traditional two-sample t-test does not reject the hypothesis that the data
sets are equal, because s values for the two datasets are too large with respect to the
difference between the mean values of y.

This example highlights another key advantage of TOST over a two-sample t-test: TOST
appropriately penalizes the analyst if the observed variance is too large.



Considerations on test power

For the present situation, power is
defined as the probability of
attaining significance when y, =Y, is
contained in the interval [-0, 0].

Equivalently, power may be defined
as the probability that a properly
constructed confidence interval will
be completely contained in the
interval [-6, 6] when Y, —Y, isin the
interval [-0, 0].

(1-B)

95% CI

.95

Power calculations are usually carried out under the assumption that y, —y, =0 although

other values may be chosen.

The unshaded area of the central distribution in the figure depicts a power of 0.95 for a
two-sided equivalence test. Notice that the probability of failing to obtain a significant
result in this situation is the shaded portion in the tails of the central distribution. Because
power is 0.95, the total shaded area is 0.05 with 0.025 allocated to each tail.




Example of calculation of test power for a TOST as a function of sample size

Two parallel groups of patients are enrolled to compare the effect of two drugs on diastolic
(minimum) blood pressure.

The diastolic blood pressure is known to be close to 96 mmHg with the reference drug and
is thought to be 92 mmHg with the experimental drug. Based on similar studies, the within-
group standard deviation is set to 18 mmHg.

Following the United States Food and Drug Administration (FDA) guidelines, the researchers
want to show that the diastolic blood pressure with the experimental drug is within 20% of
the diastolic blood pressure with the reference drug. Note that 20% of 96 is 19.2.

They decide to calculate the test power for a range of sample sizes between 3 and 60. The
significance level is o= 0.05.

The following conditions are thus posed:

Olirvrrunneeeeeeeeeeeeeereessnsnnnnnaaaeeeeeeesesessesssnsnnnnnnn 0.05

Group Allocation ......cccceeevvieieniiiieee e, Equal (n; =n,)

Sample Size Per Group.......cccceeevevvvvnenennnnns 3,5, 8,10, 15, 20, 30, 40, 50, 60
Lower, Upper Equivalence Limit (-6, 0).... -19.2,19.2

O (True Difference)....cccceeevvevvvieeeriirieennnnnnn. (92-96) = -4 mmHg

s (Standard Deviation) .......cccceeeeiviviniiinnnns 18 mmHg



Power calculation can be performed using the PASS 2025 software, available on the Internet
(for a 30-days free trial), at the following address:

https://www.ncss.com/software/pass/

SAMPLE DATA
NCSS SUPPORT ONLINE

INDUSTRIES
Statistical Software Ards AR CENTER STORE
(PASS) (NCSS)

PASS 2025

Power Analysis & Sample Size

A > software » PASS ¥ Overview

Sample Size & Power

PASS software provides sample size tools for over
1200 statistical test and confidence interval
scenarios - more than double the capability of

any other sample size software. Each tool has

been carefully validated with published articles .

and/or texts.

Get to know PASS by downloading a free trial, n Sample Size

viewing the video to the right. or exnloring this
website.

PASS comes complete with integrated

documentation and PhD statistician support.
PASS has been fine-tuned for over 25 years, and

is now the leading sample size software choice

for clinical trial, pharmaceutical, and other

medical research. It has also become a mainstay

in all other fields where sample size calculation or

evaluation is needed.




As far as equivalence is concerned, the PASS software provides 37 different procedures,

including Two-Sample T-Tests for Equivalence Assuming Equal Variance:

PASS 2020 Home (Restricted Trial License - 30 Day(s) Remaining)

View Procedures Tools

<%

Web

Home

Options

Window Help Alpha Restriction

8. 8.

Favorites Recent Loaded

O

Qutput

X

§ Purchase @ o A

Gallery

Select a Procedure

Correlated Proportions

Categor = All Equivalence Procedures (37 t
gory q
Favorites Recent Show All A
1 1
O Bayesian Approaches et One_—SampIe Z-Tests for e One-Sample T-Tests for
Equivalence Equivalence
[+ () Cluster-Randomized T T
[~ (0) Conditional Power
[~ () Confidence Intervals " L
- O Correlation : cue Paired Z-Tests for Equivalence < Paired T-Tesls for Equivalence
- () Design of Experiments ¢
I - () Equivalence
H- @ GEE .. Eguivalence Tests for Paired Fave -Ergavsaa\]{ennﬁ):lg ;;Eiﬁ?ng% qual
- O Group-Sequential Means (Simulation) i Variance
(- () Means
- () Method Comparison ToSamble T-Tests 1
_ wo-Sample T-Tests for =
.. (0 Microarray | Equivalence Alowing Unequal : Equivalence Tests for Two
) Means (Simulation)
[ (0) Mixed Models Variance
[~ (2) Non-Inferiority
[~ (C) Nonparametric 1
=) ; Eavty Eﬁ#xgﬁg;ig?its f_?.:lrc)lprﬁ al?atlo "= Equivalence Tests for the Ratio
o Normality Data) 09 , of Two Means (Normal Data)
--(_) Pilot Studies .
--(_) Post-Marketing Surveillance
- () Proportions Equivalence Tests for Two . .. Equivalence Tests for the
.© Quality Control - Means in a Cluster-Randomized o Difference Between Two Means
CaliviconIn ~ Design . in a 2x2 Cross-Over Design
(- () Rates and Counis
i O Regression y Equivalence Tests for the Ratio Equivalence Tests for the
- () ROC . ~° of Two Means in a 2x2 Difference of Two Means in a
! N y " Cross-Over Design Higher-Order Cross-Over
[ () sample Size Reestimation . (Log-Normal Data) Design
- () simulation
- @ Stralmed. _ o > Eﬁ#\':s'ag{;ig‘??: forihe Ratio ¢ Equivalence Tests for Painwise
2] O Superiority by a Margin ..“ Higher-Order Cross-Over — ,-....‘.' I\gs;;;_[gl:g;egg;s;n a Williams
- survival Design (Log-Normal Data) g
() Tolerance Intervals
Variances o c i
@ Equivalence Tests for One — gﬁ;g:‘rifg J&Eg;qult\;ze
© Tools Proportion . I: ™




When accessing the corresponding page, all parameters required for the equivalence test can
be set. In the following case, once values for a, 0, 6 and o are specified, along with the

condition N1 = N2, the test power can be calculated for a range of sample sizes:

Reset Open

File  View Run

ol

Save As

Procedures

Tools

Window Help Alpha Restriction

Haome Fay

Design

Reports

Plots

Plot Text

Solve For:

Power b

Alpha
Sample Size
Group Allocation:
Sample Size Per Group:
Effect Size

Equivalence Limits

EU (Upper Equivalence Limit)

EL {Lower Equivalence Limit)

Mean Difference

& (Actual Difference):
G=pl-p2 =pT - pR

Standard Deviation

o (Standard Deviation):

Equal (N1 = NZ)

[|3531n1520304nsnsn]

X

: ‘19.2

s

: ‘-19.2

X

-4

K

Lo




A graph reporting Power vs sample size is
also generated by the program:

As expected, the test power is increased at
the increase of the sample size, with a
value of 0.8 achieved already for n = 20.

As apparent, further increases of the
sample size lead to smaller increases in the
test power, that asymptotically tends
towards unity, thus an enlargement of the
sample set is not very useful.

Power

1.0 -

0.8 1

0.6 4

0.4 -

0.2 4

0.0




Equivalence test performed using the

Minitab® 18 software

First step

select Equivalence Tests in
the Stat menu and then
choose the 2-Sample...
option

" Minitab' 18

[ Minitab - Untitled

FEIEE

Il ]

D Session

Basic Statistics
Regression
ANOVA

DOE

Control Charts
Quality Tools
Reliability/Survival
Multivariate

Time Series
Tables

Nonparametrics

»

v v v v v v v v v v

| File Edit Data Calc Stat Graph Editor Tools Window Help Assistant

Q0BT F |

-l x|a

ToO\

I 1-sample..

Power and Sample Size

4

I 2-Sample..

=7 Paired...

|E‘,’}J 2x2 Crossover Design...




Second step

2-5ample Equivalence Test *

Evaluation of parameters and
choices in the 2-Sample
Equivalence Test window:

2-Sample Equivalence Test: Options

Risk level of claiming equivalence when it is not true
jut 0.05
(alpha): 0.05

[” Use (1 - 2 alpha) x 100% confidence interval

[~ Assume equal variances

Help | oK Cancel

Samples in one column -

Samples: I

Sample IDs: I

Reference level: I - |

Hypothesis about: ITest mean - reference mean LI

What do you want to determine? (Alternative hypothesis)

Lowwer limit < test mean - reference mean < upper limit - |

Lower limit: I
I [ Multiply by reference mean

Upper limit:

2-5ample Equivalence Test: Graphs

[” Histogram

[™ Individual value plot

[~ Boxplot

Help | oK Cancel

|

Options... Graphs... Results...
oK Cancel
2-Sample Equivalence Test: Results X

¥ Descriptive statistics

v Difference

V¥ Test

Help | oK Cancel




Third step

Data (in this example taken from Table 2 shown before) are introduced into the Minitab 18
Worksheet, with each set corresponding to a specific column:

1l Minitab - Untitled
Table 3. Comparison of the effect of poor File Edit Data Calc Stat Graph Editor Tools
precision on the outcome of TOST vs a two- ~H e xnm . -
sample t-test.
(6 calculated on the basis of the development laboratory s* from previ- ‘ J r
ous experiments of 1.5%, with « =  =0.05, 5 =0, n=6)
% Label strength dissolved LI
Tablet number Development lab Contract lab
1 82 14
2 92 10
3 78 84
4 85 76
5 1] 90
\§ 9 L, Worksheet 1 ##*

Y o — @ 2 | a c4
s 56 13 Dev lab Contr lab
% RSD 6.9 92 1 82 74
Difference between y values e 2 92 70
TOST: 90% confidence interval 3 78 84

for difference (6 = 3.5%) (-3.1,105) 4 as 76
Two-sample t-test p-value 0.35 [ 77 g0

6 \_ 79 77)
Current Worksheet: Worksheet 1
===




Fourth step

Selection of samples columns in the Worksheet and setting of lower and upper limits, i.e. of
—0 and + 0 values, which were calculated to be equal to -3.5 and 3.5 in the specific case:

2-Sample Equivalence Test it
(. )
Samples in different columns ﬂ
Test sample: | 'Dev lab'

Reference sample: | 'Contr lab'

. J
Hypothesis about: |Test mean - reference mean ﬂ
( What do you want to determine? (Alternative hypothesis) )
|aner limit < test mean - reference mean < upper limit ﬂ

Lower limit: |-3.5
[ Multiply by reference mean
\.Upper limit: 13.5| y

Options... Graphs... Results...
Help oK Cancel




Results

Once the calculation is completed, an
output summary is reported inside the
Session window:

As apparent, the conclusion is that the
confidence interval (90% CI, in this
case) is NOT within the equivalence
interval, thus equivalence cannot be
claimed.

By clicking on the bottom link, a
graphical representation of the test
can be obtained.

[l Minitab - Untitled
“ File Edit Data Calc 5tat Graph Editor Tools Window Help Assistant

|=d|8 | =¥ IR

I BN | =1l x|

|

D Session

Two-Sample Equivalence Test: Dev lab, Contr lab

Method

Test mean = mean of Dev lab
Reference mean = mean of Contr lab
Equal variances were not assumed for the analysis.

,
Descriptive Statistics

Variable N Mean StDev  SE Mean
Dev lab 6 82167 5.6362 23010
Contrlab 6 78500 T7.2595 29637

g )
Difference: Mean(Dev lab) - Mean(Contr lab)
Difference SE 20% Cl Eguivalence Interval
36667 37520 (-3.21124; 10.5448) (-2.5; 3.5)
Cl is not within the equivalence interval. Cannot cleim equivalence.
\ J
Test
Mull hypothesis: Difference = -3.5 or Difference = 3.5
Alternative hypothesis:  -3.5 < Difference < 2.5
ot level: 0.05

Mull Hypothesis  DF  T-Value P-Value
Difference = -3.5 = 1.8101 0.044
Difference = 3.5 9 0.044420 0517

The greater of the two P-Values is 0.517. Cannot claim eguivalence,
I ’ Equivalence Test: Mean(Dev lab) - Mean({Contr lab)




Graphical output of the equivalence test

" Equivalence Test: Mean(Dev lab) - Mean(Contr lab) — | |£h|
Equivalence Test: Mean(Dev lab) - Mean(Contr lab)
(LEL = Lower Equivalence Limit, UEL = Upper Equivalence Limit)
LEL 0 UEL
| | |
l l l
l l l
l l l
l l l
: ‘ : : ‘
| | !ﬂ‘-\,
| i e
. ‘ . 90% C| ‘
l l l
l l l
l l l
l l l
l l l
T : T i T : T T T T
-5.0 -2.5 0.0 2.5 5.0 7.5 10.0 12.5
0% Cl for Mean(Dev lab) - Mean(Contr (ab): (-3.2112; T0.545)
Cl is not within the equivalence interval of (-3.5: 3.5). Cannot claim equivalence.




Power and Sample Size calculations with Minitab 18

A further option of the
Stat menu of Minitab 18
enables calculations of
power and sample size
also for equivalence tests:

m Minitab - Esercizio Minitab sul test di equivalenza.MP)

File Edit Data Calc |Stat Graph Editor Tools Window Help Assistant
S H|&|X[@  BasicStutistics V@ OHIU BOFEOnO=ED @HI fr|de—z b B
I j Regression » j| X| “"7 T O N ¢ |4 [ﬂ‘
ANOVA 4
LT session DOE »
Two-Sample |  Control Charts »|Contr lab
Quality Tools »
Method Reliability/Survival >
Test mean = mean c Multivariate »
Reference mean =n
Faual variances were Time Series »
Tables »
-] Worksheet 1 %% )
Nonparametrics »
s oa C : 5 . Cc1 | 8 | 09 c10 cn C12
Equivalence Tests » | | | |
Dev lab |Cont
» [ Sample Size for Estimation...
- 82 rt Sample Size for Tolerance Intervals...
2 92 70 -
3 78 84 'j_ 1-Sample Z..
4 85 76 'j_ 1-Sample t..
5 77 90 | | A% 2-sample t..
6 29 -7 T ¥\ Ppaired t...
P -
7 ‘= 1 Proportion...
8 _.Eﬁ!- 2 Proportions...
9 I_[.‘ 1-Sample Poisson Rate...
10 llh“"‘ 2-Sample Poisson Rate...
i 71 1Variance..
12 1l 2 Variances...
13
" Equivalence Tests |”I| 1-Sample...
[ 5
15 L. One-Way ANOVA.. 2 2-Sample.
16 I:I 2-Level Factorial Design... lﬂl Paired...
[ i
17 (£ Plackett-Burman Design... Z,J 2x2 Crossover Design..
18 13 General Full Factorial Design...




The window opened after choosing the option includes the specification of —0 and 6 values
(Lower and Upper limit) and of experimental standard deviation.

Afterwards, if a specific sample size and a specific difference (like the one between
experimental means) are specified, the program can calculate power values as a function of

differences and sample sizes.

Considering data of Table 2 shown before (0 = 3.7):

Table 2. Statistical significance vs practical
relevance in the transfer of a dissolution
method.

(6 calculated on the basis of the development laboratory s of 1.9%, with
a=B=0055=0,n=12)

% Label strength dissolved

Tablet number Development lab Manufacturing QC lab
1 90.8 86.2
2 88.0 81.4
3 90.5 88.2
4 90.0 89.7
5 91.0 87.3
6 86.0 87.6
7 88.3 88.0
8 89.3 86.5
9 88.9 89.6
10 91.1 89.1
1 -
12 91.3 86.2
V 89.3 81.7

Power and Sample Size for 2-5ample Equivalence Test bt

Hypothesis about:

What do you want to determine? (Alternative hypothesis)

Lower limit < test mean - reference mean < upper limit hd

Lower limit: ‘ -3.7

Upper limit: ‘ 3.7

(Specify values for any two of the following: )

Sample sizes: |12

Differences (within the Iimits]:| 1.6

Power values: |

\. J

Standard deviation: 1.9

s [ 19 — K
% RSD 21 15

TOST: 90% confidence interval
for difference (8 = 3.7%) (0.5, 2.7)

Two-sample t-test p-value 0.02

Options... Graph...

Help oK Cancel




The following «Test power vs difference» curves are obtained:

" Power Curve for 2-Sample Equivalence Test EI@

Power Curve for 2-Sample Equivalence Test

Lower Equivalence Limit Upper Equivalence Limit

1.0

Sample

Size

 — 12
— - 24

0.8

Assumptions
o 0.05
StDev 1.9

0.6

Power

0.4-

0.2

0.0

30 15 0.0 15 30
Difference

Notably, the user can make the program generate a further power curve, for a different
sample size (n = 24 was chosen in the present case), using the «Graph...» option in the
window shown before.

As expected, the test power :

v’ is decreased, for a given sample size, at the increase of the difference absolute value;
v’ isincreased, for a given difference, at the increase of sample size.



The power curve generation output
depends, obviously, also on the
selected standard deviation.

In the case of Table 2 data, the upper
limit of a one-sided 80% confidence
interval for standard deviation can be
calculated as follows:

~ .
‘\" xhi'y,u-l?

n-—
s [_n-1

For n = 12, the y%,, 13 value has to
be calculated and it is equal to 6.989.

Given the maximum experimental
standard deviation reported in Table
2,s=1.9, it follows that s* = 2.38.

As shown by the figures, given a
specific sample size and difference,
the test power is decreased at the
increase of standard deviation.

" Power Curve for 2-Sample Equivalence Test

=]

Lower Equivalence Limit

Power Curve for 2-Sample Equivalence Test

Upper Equivalence Limit

3.0

15

0.0
Difference

15

3.0

1.0+ - T T — . T Sample
- -~ Size
j/ \\ . 2
Y - —- 24
0.8 | \ "
i Assumptions
L o 0.05
I StDev 1.9
!
0.6 Y
e
o |
3 b
8 s=1.9 )
0.4 |
4
i
i
4 i
0.2 \
\ 1
N
0.0
-3.0 -1.5 0.0 1.5 3.0
Difference
" Power Curve for 2-Sample Equivalence Test \E\@
Power Curve for 2-Sample Equivalence Test
Lower Equivalence Limit Upper Equivalence Limit
1.0 i i et - i Sample
- "
-, Size
K R 12
R _ 24
0.8 * ;
\ Assumptions
\ o 0.05
StDev 2.38
0.6
e
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3
a —_
0.4 S - 2 . 3 8 \\
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